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Abstract
The Beckman–Quarles theorem states that every unit-preserving mapping from Rd to itself is
an isometry, for all d¿ 2. The analogues for the rational spaces Qd were established for all
even dimensions, d; d¿ 6, as well as for all odd dimensions d of the form d = 2n2 − 1 = m2,
for integers n; m¿ 2. The purpose of this paper is to present a proof of the rational analogues
of the Beckman–Quarles Theorem in dimensions d of the form d= 2n2 − 1, for all n¿ 3. The
proof is also applicable in all the even dimensions d of the form d= 4k(k + 1), for k¿ 1, and
in the real cases for all the dimensions d; d¿ 3.
c© 2002 Elsevier Science B.V. All rights reserved.
A mapping f :Rd→Rd is called unit-distance-preserving (or unit-preserving) if
‖x−y‖=1 implies that ‖f(x)−f(y)‖=1. The Beckman–Quarles Theorem [1] states
that every unit-preserving mapping from Rd to itself is an isometry, provided
d¿2.
Tyszka [7, see also 6] proved that every unit-preserving mapping from the ra-
tional 8-space Q8 into itself is an isometry; moreover, he showed that for every
two points x and y in Q8 there exists a ;nite set Sx;y in Q8 containing x and y,
such that every unit-preserving mapping f : Sx;y→Q8 preserves the distance between
x and y.
1 Dedicated to Prof. H. Hammerman of the Technion’s Cardial I.C.U., who wondered why was I talking
about Q5, while under anesthesia. The results in this paper were obtained during a visit to the University
of Washington, Seattle, in early 2001; I wish to thank Branko GrDunbaum and Victor Klee for their warm
hospitality.
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I [10] have shown that the rational analogues hold in all the even dimensions d of
the form d=4k(k + 1), for k¿1, and they hold for all the odd dimensions d of the
form d=2n2 − 1=m2, for integers n; m¿2. Connelly and Zaks [3] showed that the
rational analogues hold for all even dimensions d; d¿6.
In this paper I present a proof of the rational analogues of the Beckman–Quarles
Theorem, for all the dimensions d of the form d=4k(k + 1); k¿1, and for all the
dimensions d of the form d=2n2−1; n¿3. This proof is also applicable in all the real
cases d¿3. The theorem presented here is in a somewhat weaker sense of ;niteness, as
done by Tyszka in [6,7], yet the idea of the statement of the result resembles Tyszka’s
Lemma in p. 127 of [6].
Let us de;ne the set D by D= {d |d=4k(k + 1); k¿1∨d=2n2 − 1; n¿3}.
Our main result is the following.
Theorem 1. For d∈D, every unit-preserving mapping f :Qd→Qd is an isometry.
To prove Theorem 1, it suLces to prove the following theorem.
Theorem 2. For every pair of points x; y∈Qd; d∈D, and for every ¿0, there exists
a .nite set S(x; y; )⊂Qd; S(x; y; )
 x; y, for which ‖x − y‖ − 6‖f(x) − f(y)‖6
‖x − y‖+  holds for every unit-preserving mapping f : S(x; y; )→Qd.
The proof of Theorem 2 is applicable in the real case for all d¿3.
We need the following theorems.
Theorem 3. For every d; d∈D∪{7}, there exists a sequence (an); an¿0; (an)2 ∈Q,
satisfying the condition limn→∞ an=0, for which the following property holds: “For
every n and for every x; y∈Qd, such that ‖x − y‖= an, there exists a .nite set
S(x; y; an)⊂Qd; S(x; y; an)
 x; y, for which ‖f(x)−f(y)‖= ‖x− y‖ holds for every
unit-preserving mapping f : S(x; y; an)→Qd”.
Theorem 4. Let the sequence (bn) be de.ned by bn=(1+2=d)n. For every d∈D∪{7},
and for every n, there exists a set A of d+1 points in Qd such that ‖z− t‖= bn holds
for every z; t ∈A. Moreover, if ‖x − y‖= bn holds for x; y∈Qd, then there exists a
.nite set S(x; y; bn)⊂Qd; S(x; y; bn)
 x; y, for which ‖f(x)− f(y)‖= ‖x − y‖ holds
for every unit-preserving mapping f : S(x; y; bn)→Qd.
We need the following lemmas.
Lemma 1. The dihedral angle d between any two facets of a regular d-simplex in
Rd is given by cos d=1=d. The angle d is not a rational multiple of , for all
d¿3.
Lemma 2. If d is the dihedral angle as in Lemma 1, then the points of the form
(cos(nd); sin(nd)) in the unit circle have rational distances and they are everywhere
dense in the circle.
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Lemma 1 can easily be proven by direct computations; Lemma 2 follows easily from
Lemma 1 (see, for example, #8, p. 5–6 in [4]); we omit, therefore, the proofs of these
lemmas.
A mapping h :Rd→Rd is called rational if h|Qd is bijective onto Qd. It is called a
rational congruence if h|Qd :Qd→Qd is a bijective congruence. The famous stere-
ographic projection of S∗= Sd\(0; 0; : : : ; 1) onto Rd−1 is a rational bijection from
S∗ ∩Qd onto Qd−1.
We recall the following lemma from [8] (see also the proof of Lemma 1 in [9]).
Lemma 3. If A; B; S; T ∈Qd, for which ‖A−B‖= ‖S−T‖, then there exists a rational
congruence h :Qd→Qd, for which h(A)= S and h(B)=T .
For an extension of Lemma 3, see Theorem 5.
Let Fk(P) denote the k-dimensional skeleton of the convex polytope P; k =0; 1. Let
d denote a regular d-simplex conv(V1; : : : ; Vd+1) in Rd, of edge-length one. Let Vd+2
be the reRection image of V1 with respect to the facet conv(V2; : : : ; Vd+1) of d. It can
be easily shown that ‖V1 − Vd+2‖=√(2 + 2=d). Denote conv(d ∪Vd+2) by 2d. Let
the segment V1Vd+2 be called the diagonal of 2d. Let 2d1 and 2
d
2 be two congruent
copies of 2d; F0(2d1)= {V1; : : : ; Vd+1; Vd+2} and F0(2d2)= {W1; : : : ; Wd+1; Wd+2}, for
which V1 =W1 and ‖Vd+2−Wd+2‖=1. The Moser–Moser Spindle [5], to be denoted here
by MMd, is either the point-con;guration F0(2d1)∪F0(2d2) or the edge-con;guration
F1(2d1)∪F1(2d2)∪ (Vd+2Wd+2).
Lemma 4. If d¿5, if a∈Q, if b is such that b2 ∈Q and if 2b¿a, then Qd contains
the vertices of a triangle which has edge lengths a; b and b.
Proof of Lemma 4. Let d¿5 and let a and b be given, where a∈Q; b2 ∈Q, and
2b¿a. Denote by ±A the points (±a=2; 0; 0; 0; 0; : : :), and consider a point B=(0; x; y;
z; t; : : :). In order for ‖B ± A‖= b, it is required that a2=4 + x2 + y2 + z2 + t2 = b2
or x2 + y2 + z2 + t2 = b2 − a2=4. The quantity b2 − a2=4 is positive because 2b¿a;
furthermore, b2− a2=4∈Q, hence it follows by Lagrange’s Four Squares Theorem that
it is possible to choose the point B in Qd.
A similar approach yields the following.
Corollary 1. If d¿4 and c2 ∈Q, then there exist x; y∈Qd such that ‖x − y‖= c.
Lemma 5. If d¿8, if a and b are such that a2; b2 ∈Q, and if 2b¿a, then Qd contains
the vertices of a triangle which has edge lengths a; b and b.
Proof of Lemma 5. Let d¿8 and let a and b be given, where a2; b2 ∈Q, such that
2b¿a. Using Lagrange’s Theorem, de;ne the points ±A to be ±A= ± (; "; #; $;
0; : : : ; 0), where ; "; #; $∈Q and 2 + "2 + #2 + $2 = (a=2)2. Thus ‖A − (−A)‖= a.
De;ne the point B by B=(0; 0; 0; 0; x; y; z; t; 0; : : :), such that ‖B±A‖2 = 2 + "2 + #2 +
$2 + x2 +y2 + z2 + t2 = b2. The point B can be chosen in Qd, by Lagrange’s Theorem,
since x2 + y2 + z2 + t2 = b2 − (a=2)2 ∈Q and b2 − (a=2)2¿0.
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Let Q(d; a) denote the graph that has Qd as its set of vertices, and two vertices
x and y are connected by an edge if and only if ‖x − y‖= a. Thus, Q(d; 1) is the
unit-distance graph. Let !(G) denote the clique number of the graph G and let !(d)
denote !(Q(d; 1)).
The following result is due to Chilakamarri [2].
Lemma 6. The value of !(d) satis.es the following:
!(d)=d+ 1 ⇔
{
d=4k(k + 1) k¿1 if d is even;
d=2n2 − 1 n¿1 if d is odd:
In fact, Chilakamarri showed that if d is even, then !(d)=d+1 holds if d=
4k(k + 1); otherwise !(d)=d. For odd values of d, if the Diophantine equation
dx2 − 2(d − 1)y2 = z2 has a solution in which x =0, then !(d)=d+1 holds if d is of
the form d=2n2 − 1, and !(d)=d holds otherwise. If there are no solutions to the
Diophantine equation as required, then !(d)=d−1. Observe that x=2; y=1 andz=2n
form a solution to the Diophantine equation, in the case where d=2n2 − 1. Thus,
!(d)=d+1 holds if and only if d∈D∪{1; 7}; it also holds if, and only if, F0(d)⊂Qd,
or if, and only if, F1(d)⊂Q(d; 1).
A hyperplane H = {x=(x1; : : : ; xd) | x ·w= b} is called rational if w=(w1; : : : ; wd)
∈Qd and if b∈Q. The reRection g :Qd→Qd with respect to a rational hyperplane is
a rational isometric mapping. This follows easily (see [8]) from the following repre-
sentation of g, using a rational point x0 ∈H :
g(x)= x − 2
(




Lemma 7. If d∈D∪{7}, then Qd contains a point-con.guration MMd. Moreover,
any two points x; y∈Qd, satisfying ‖x − y‖ = √(2 + 2=d), are contained in a MMd
in Qd.
Proof of Lemma 7. Let d∈D∪{7}. The space Qd contains a F0(d)= {V1; : : : ; Vd+1}
by Lemma 6. It follows that the reRection image Vd+2 of V1, with respect to the facet
conv{V2; : : : ; Vd+1}, is a rational point, since the hyperplane containing V2; : : : ; Vd+1 is
rational, as given by the well known equation∣∣∣∣∣∣∣∣∣∣∣
x1 : : : xd 1
v2;1 : : : v2; d 1
: : : : : : : : : : : :
vd+1;1 : : : vd+1; d 1
∣∣∣∣∣∣∣∣∣∣∣
=0;
where Vj =(vj;1; vj;2; : : : ; vj;d). Therefore, there exists a F0(2d) in Qd; let S and T
be the diagonal points of F0(2d); i.e., ‖S−T‖=√(2 + 2=d). The space Qd contains,
by Lemma 4, three points A; −A and B, such that ‖A − (−A)‖=1 and
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‖B±A‖=√(2 + 2=d). Using ‖B±A‖= ‖S−T‖=√(2 + 2=d), if follows by Lemma 3
that there exist two congruent copies M1 and M2 of F0(2d), one having A; B for its di-
agonal, while the other one has −A; B for its diagonal. The set of points M1 ∪M2 forms
a MMd in Qd. If the points x; y∈Qd satisfy ‖x−y‖=√(2 + 2=d), then by Lemma 3
there exists a rational congruence ’ :Qd→Qd, for which ’(A)= x and ’(B)=y. The
con;guration ’(M1 ∪M2) is a MMd in Qd that contains the points x and y.
Lemma 8. If d∈D∪{7} and if x; y∈Qd are such that ‖x − y‖=√(2 + 2=d), then
there exists a .nite set S(x; y)=MMd; S(x; y)
 x; y, such that ‖f(x)−f(y)‖= ‖x−
y‖ holds for every unit-preserving mapping f : S(x; y)→Qd.
Proof of Lemma 8. Let d∈D∪{7} and let x; y∈Qd for which ‖x−y‖=√(2 + 2=d).
There exists, by Lemma 7, a MMd which contains x and y. Let z be the point
of MMd for which ‖x − z‖=√(2 + 2=d) and ‖y − z‖=1. Let f :MMd→Qd be
any unit-preserving mapping. Considering the image of the two F0(2d) in MMd, it
follows that ‖f(x) − f(y)‖ is either 0 or √(2 + 2=d), and ‖f(x) − f(z)‖ is also
either 0 or
√
(2 + 2=d). However, ‖f(y) − f(z)‖=1, since f is unit-preserving,
hence none of the identi;cations f(x)=f(y) or f(x)=f(z) is possible. Therefore
‖f(x)− f(y)‖=√(2 + 2=d)= ‖x − y‖. This completes the proof of Lemma 8.
Notice that the a unit-preserving mapping f :MMd→Qd is not necessarily a con-
gruence between MMd and f(MMd), since the mapping f can rotate one of the two
F0(2d) along its diagonal. However, the mapping f preserves the distance
√
(2 + 2=d)
between its diagonal points.
Consequently, every unit-preserving mapping f :Qd→Qd maps every F0(2d) to
another F0(2d).
Proof of Theorem 3. Let d∈D∪{7} be given. The space Qd contains, by Lemma 6,
a F0(d), say F0(d)= {V1; : : : ; Vd+1}. De;ne the sequence (Wn) by W1 =V1; W2 =Vd+1
and by letting Wn+1 be the reRection of Wn−1 with respect to the facet conv(V1; : : : ; Vd;
Wn) of conv(V2; : : : ; Vd;Wn−1; Wn). Obviously {Wn}⊂Qd.
All the points Wn lie in a (planar) circle of radius hd−1, centered at the center of
conv(V2; : : : ; Vd), where hd−1 is the height of the (d− 1)-simplex conv(V2; : : : ; Vd). The
height hd−1 can be easily shown to satisfy hd−1 =
√
[d=2(d− 1)].
The point set {Wn} forms, by Lemma 1 and Lemma 2, a dense set in the circle of
radius
√
[d=2(d− 1)], and all the distances ‖Wm−Wn‖ are of the form q
√
[d=2(d− 1)],
for q∈Q. In particular, there exists a subsequence W (in) of (Wn); in¡in+1, for which
the distances ‖W1 −W (in)‖= an satisfy an¿an+1 and limn→∞ an=0.
Let x; y∈Qd be such that ‖x−y‖= an, for some n. Using Lemma 8 and Lemma 3,
let Mi be a set in Qd congruent to a MMd, which contains the pair of points Wi and
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Fig. 1.
It follows from repeated applications of Lemma 8 that every unit-preserving mapping
f : S(x; y; an)→Qd has the property that ‖f(x)− f(y)‖= ‖x − y‖= an.
This completes the proof of Theorem 3.
Let us denote by W (x; 3)= {z | ‖z − x‖= 3} the sphere in Rd, centered at x and
having radius 3, and let B(x; 3)= {z | ‖z − x‖63} denote the ball, centered at x and
having radius 3. We need the following.
Lemma 9. If d¿1 and if A; B∈Qd; A =B and if 3= ‖A − B‖, then the set
W (A; 3)∩Qd is everywhere dense in W (A; 3).
Proof of Lemma 9. The assertion is obvious for d=1. Let A; B∈Qd; A =B; d¿2
and let 3= ‖A − B‖. The sphere W (A; 3) contains the point B. Let C be any point
on W (A; 3) and let ¿0 be given. Take a suitable small $, and let E be a rational
point inside the ball B(C; $); such a rational point E exists, since the rational points are
everywhere dense in Rd. Let H1 be the rational hyperplane, which is the perpendicular
bisector of the segment [B; E], given by H1 = {x | x · (B−E)= [(B+E)=2] · (B−E)}. Let
H2 be the hyperplane, parallel to H1, and passing through the point A; the hyperplane
H2 is given by H2 = {x | x · (B− E)=A · (B− E)}; see Fig. 1.
The reRection of the rational point B with respect to the rational hyperplane H2 is
a rational point F on the sphere W (A; 3), in an -neighborhood of the point C.
This completes the proof of Lemma 9.
It follows that for any rational point A∈Qd and for any 3¿0, the set W (A; 3)∩Qd
is either empty or else it is everywhere dense in W (A; 3). The set W (0; 3)∩Qd may be
empty even if 32 ∈Q; consider, for example, W (0;√7)∩Qd for 16d63. However,
this does not happen if d¿4, since Corollary 1 and Lemma 9 imply the following.
Corollary 2. If d¿4, if A∈Qd and if 32 ∈Q, then the set W (A; 3)∩Qd is everywhere
dense in W (A; 3).
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Let x; y∈Rd and let c¿0 be such that c2 ∈Q. A sequence (z0 = x; z1; : : : ; zk =y)
of points in Rd is called a xy-c-chain of length k if k satis;es the condition (k −
1)c¡‖x − y‖6kc, and if ‖zi − zi+1‖= c holds for all i; 06i6k − 1.
Lemma 10. If d¿8, if x; y∈Qd and if c¿0; c2 ∈Q, are such that (k − 1)c¡
‖x − y‖6kc, for k¿2, then there exists a xy-c-chain of length k in Qd.
Proof of Lemma 10. Let d¿8, let x and y be points in Qd and let c¿0; c2 ∈Q, be
such that (k−1)c¡‖x−y‖6kc, for k¿2. Using the conditions c¿0; c2 ∈Q; d¿5, and
Lagrange’s Four Squares Theorem, there exists a point z in Qd such that ‖z‖=(k−2)c.
The sphere W (x; (k−2)c) has a rational center x and it contains the rational point x+z,
hence W (x; (k − 2)c)∩Qd is everywhere dense in W (x; (k − 2)c), by Lemma 9. Next,
W (x; (k − 2)c)∩W (y; 2c) = ∅, therefore, there exists a point t in W (x; (k − 2)c)∩Qd
which is inside the ball B(y; 2c), i.e., ‖t − y‖62c.
There exists, by Lemma 5, a point s∈Qd such that ‖t − s‖= ‖y − s‖= c. Let
z0 = x; z1; : : : ; zk−1 and zk−2 = t be points which are equally spaced along the segment
[xt]. The xy-c-chain (x= z0; z1; : : : ; zk−2 = t; zk−1 = s; zk =y) has length k and it is in
Qd. This completes the proof of Lemma 10.
We have the following.
Corollary 3. If d∈D, if x; y∈Qd, if an is as given by Theorem 3 and if
(k − 1)an¡‖x − y‖6kan, for k¿2, then there exists a .nite set S(x; y; an)⊂Qd;
S(x; y; an)
 x; y, for which ‖f(x) − f(y)‖6kan holds for every unit-preserving
mapping f : S(x; y; an)→Qd.
Proof of Theorem 4. Let d∈D∪{7}. The space Qd contains a F0(d)= (V1; : : : ; Vd+1),
by Lemma 6. Let Ui be the reRection of Vi with respect to the rational hyperplane, pass-
ing through V1; : : : ; Vi−1; Vi+1; : : : ; Vd+1. The two F0(2d); Uj ∪F0(d) and Uk ∪F0(d),
are in Qd; they are preserved by every unit-preserving mapping f :Qd→Qd, since each
one of them can be augmented to form a MMd of edge lengths 1 and
√
(2 + 2=d);
hence ‖f(Uj)− f(Uk)‖= ‖Uj − Uk‖.
To compute ‖Uj−Uk‖, proceed as follows. (1=2)(Uj +Vj)(1=d)
∑
i =j Vi and (1=2)(Uk +
Vk) = (1=d)
∑
i =k Vi, thus Uj−Uk =(1+2=d)(Vj−Vk). It follows that ‖U1−U2‖=(1+
2=d)‖V1 − V2‖. Thus, the d-simplex d∗ =conv(U1; : : : ; Ud+1) is regular, having all of
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its edge lengths equal to 1 + 2=d. Therefore, the space Qd contains a F0(d
∗
), the
vertex set of a regular d-simplex of edge length 1 + 2=d.
Let S1 be the ;nite con;guration in Qd, obtained from F0(d)∪F0(d∗) by attach-
ing congruent copies of MMd to each pair of vertices Ui and Vi of F0(d)∪F0(d∗).
It follows that every unit-preserving mapping f : S1→Qd preserves all the distances
1 + 2=d between Ui and Uj. Using the fact that F0(d
∗
) is a rational expansion
(by a factor of 1 + 2=d) of F0(d), this construction can be continued inductively,
yielding, for every n¿2, the vertices of a regular d-simplex in Qd of edge length
(1+2=d)n, together with a ;nite con;guration Sn⊂Qd, that has the following property:
‖f(x)−f(y)‖=(1+2=d)k holds for every x; y∈ Sn for which ‖x−y‖=(1+2=d)k and
for every unit-preserving mapping f : Sn→Qd; 16k6n.
Thus, if x; y∈Qd are such that ‖x − y‖=(1 + 2=d)n, then there exists a ;nite set
S(x; y; bn)⊂Qd; S(x; y; bn)
 x; y, which is congruent to Sn for which ‖f(x)−f(y)‖=
‖x − y‖ holds for every unit-preserving mapping f : S(x; y; bn)→Qd.
This completes the proof of Theorem 4.
Proof of Theorem 2. Let d∈D, let x =y∈Qd and let ¿0. Using Theorem 3, take
an6, and let the set S1(x; y; an)⊂Qd be the ;nite set S(x; y; an)
 x; y, given by
Corollary 3, so that (k − 1)an¡‖x − y‖6kan; thus ‖f(x) − f(y)‖6kan holds for
every unit-preserving mapping f : S1(x; y; an)→Qd. Therefore ‖f(x)− f(y)‖6kan=
(k − 1)an + an¡‖x − y‖+ an, which implies that ‖f(x)− f(y)‖ − ‖x − y‖¡an6.
De;ne a set S2(x; y; ) in Qd as follows. Let m be such that bm¿‖x − y‖, where
bm=(1+2=d)m, as treated in Theorem 4. Take the point z on the ray emanating from
x and passing through y, for which ‖x− z‖= bm. The point z needs not be in Qd. The
sphere W (x; bm) contains, by Lemma 9, a point t ∈Qd for which
(1) ‖x − z‖= ‖x − t‖= bm and
(2) ‖y − t‖6‖y − z‖+ ‖z − t‖6‖y − z‖+ =2.
Let ar be given by Theorem 3, such that ar¡=2 and
(3) (k − 1)ar¡‖y − t‖6kar .
There exists, by Corollary 3, a ;nite set S∗2 (y; t; ar)
y; t, for which every unit
preserving mapping f : S∗2 (y; t; ar)→Qd satis;es
(4) ‖f(y)− f(t)‖6kar .
Let S∗∗2 (x; t; bm)⊂Qd; S∗∗2 (x; t; bm)
 x; t, be given by Theorem 4, for which ‖f(x)−
f(t)‖= ‖x − t‖ holds for every unit-preserving mapping f : S∗∗2 (x; t; bm)→Qd.
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De;ne S2(x; y; )= S∗2 (y; t; ar)∪ S∗∗2 (x; t; bm). The set S2(x; y; )⊂Qd contains x; y,
and t.
Let f : S2(x; y; )→Qd be any unit-preserving mapping and suppose that
‖f(x)− f(y)‖¡‖x − y‖ − .
Theorem 4 implies that ‖f(x)− f(t)‖= ‖x − t‖= bm. The following hold:
(5) bm = ‖x − t‖= ‖f(x)−f(t)‖6
(by the triangle inequality)6 ‖f(x)− f(y)‖+ ‖f(y)− f(t)‖
(by (4))6 ‖f(x)− f(y)‖+ kar
= ‖f(x)− f(y)‖+ (k − 1)ar + ar
(by (3))¡ ‖f(x)− f(y)‖+ ‖y − t‖+ ar
(by the supposition)¡ ‖x − y‖ − + ‖y − t‖+ ar
(by (2))6 ‖x − y‖ − + ‖y − z‖+ =2 + ar
= ‖x − z‖ − =2 + ar
¡ ‖x − z‖ − =2 + =2 = ‖x − z‖= bm:
This is a contradiction, hence ‖f(x)− f(y)‖¿‖x − y‖ − .
Let the ;nite set S(x; y; )⊂Qd be de;ned by S(x; y; )= S1(x; y; an)∪ S2(x; y; ). It
follows that ‖x− y‖− 6‖f(x)−f(y)‖6‖x− y‖+  holds for every unit-preserving
mapping f : S(x; y; )→Qd. This completes the proof of Theorem 2.
We wonder if Theorem 2 holds also for d=7, a case which could almost be included
in our proof of Theorem 2.
Does Theorem 2 hold for all odd dimensions, d¿5?
The following result extends Lemma 3 (see [8,9]) and Lemma 8 of Chilakamarri [2].
Theorem 5. If V1; V2; : : : ; Vn;W1; W2; : : : ; Wm ∈Qd; 26n6m, such that ‖Vi − Vj‖=
‖Wr−Ws‖ for all 16i¡j6n; 16r¡s6m, then there exists a rational congruence f
of Qd for which f(Vi)=Wi, for all 16i6n.
Proof of Theorem 5. Let V1; V2; : : : ; Vn;W1; W2; : : : ; Wm ∈Qd; 26n6; m, for which
‖Vi − Vj‖= ‖Wr −Ws‖ holds for all 16i¡j6n; 16r¡s6m.
The proof is by induction on k, of the following assertion:
“If V1; V2; : : : ; Vn;W1; W2; : : : ; Wm ∈Qd; 26n6m, such that ‖Vi−Vj‖= ‖Wr−Ws‖ holds
for all 16i¡j6n; 16r¡s6m, then there exists a rational congruence fk of Qd for
which fk(Vi)=Wi, for all 16i6k”.
The case k =2 is true by Lemma 3. Suppose, inductively, that there exists a ra-
tional congruence fk of Qd; k¡n, for which fk(Vi)=Wi holds for all 16i6k. If
320 J. Zaks /Discrete Mathematics 265 (2003) 311–320
fk(Vk+1)=Wk+1, then take fk+1 =fk . If fk(Vk+1) =Wk+1, then let h be the reRection
of Qd with respect to the rational hyperplane H = {x | ‖x − fk(Vk+1)‖= ‖x −Wk+1‖},
which is the perpendicular bisector of the segment [fk(Vk+1); Wk+1]. The mapping h
is a rational mapping, as was remarked earlier. The points fk(Vi)=Wi; i6i6k, are
on H , since ‖Wi − Wk+1‖= ‖Vi − Vk+1‖= ‖fk(Vi) − fk(Vk+1)‖= ‖Wi − fk(Vk+1)‖ for
all 16i6k; i.e., ‖Wi −Wk+1‖= ‖Wi −fk(Vk+1)‖. De;ne fk+1 by fk+1(x)= h(fk(x)); it
follows that fk+1(Vi)=Wi holds for all 16i6k + 1.
This completes the proof of Theorem 5.
Theorem 5 can be stated in diVerent ways : “Every clique in Q(d; a) can be extended
to a maximum clique” or “All maximal (with respect to inclusion) cliques in Q(d; a)
are of the same size”.
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